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Quantum Information and Quantum Computation
Study of the information processing tasks that can be
accomplished using quantum mechanical systems.

Quantum Computer capable of simulating quantum
systems (Feynmann 1982).
Quantum Algorithms can solve some problems more
efficiently than their classical counterpart (Deutsh 1985,
Shor 1994, Grover 1997).
New forms of information transmission : quantum
teleportation, quantum cryptography.
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1[1]or sometimes both in order to get funding. (Shh.
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Entanglement (a.k.a. Spooky action at a distance)

Fundamental resource in Quantum Information and Quantum
Computation.

Quantum correlations that don’t have a
classical analog.
The identification and quantification of these
non-classical correlations is a problem far from
being closed.
What about spin systems ?

H = −
∑∑∑
i

hi · Si − 1
2
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Some (basic) considerations

In the absence of magnetic fields:

H = −
∑
i,µ

hiµS
µ
i −

1
2

∑∑∑
i,j,µ,ν

J ijµνSµi Sνj ,

the ground state (GS) is typically
entangled .
With pairwise entanglement’s range similar to that of the interactions .

When spin systems are immersed in finite magnetic fields , the GS still
remains an entangled state .

If we want a separable GS (initialization ): “turn off” the interaction or apply
strong magnetic fields (hiµ >> J ijµν ):

H = −
∑∑∑
i,µ

hiµSµi −
1
2

∑
i,j,µ,ν

J ijµνS
µ
i S

ν
j ,

the spins align with the magnetic fields.
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Factorizing Field

Is it possible to have a separable GS in the presence of
spin interactions and finite magnetic fields?

⇒ YES!!

Factorizing Field
Specific values and orientation of the field at which:

The GS is completely separable
In its vicinity the pairwise entanglement reaches full range
Analytical results can be determined for the GS
Quantum critical point

Factorizing field ≡ the mean field
solution becomes EXACT .

Factorized states can be used as
initial states for quantum information protocols .
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Factorization general equations
System of N spins si interacting through XY Z Heisenberg couplings of
arbitrary range in the presence of a general magnetic fields hi

H = −
∑∑∑
i

hi · Si − 1
2

∑∑∑
i,j

Si · J ijSj

The completely separable state

|Θ〉 = ⊗ni=1e−ıφiS
z
i e−ıθiS

y
i | ↑i〉 = | ↗↙↖ ...〉,

is an exact eigenstate iff it satisfies1 [1]MC, R. Rossignoli, N. Canosa, Phys.
Rev. B 92, 224422 (2015).:

1 Field independent equations: Which state?

nx
′
i · J ijnx

′
j = ny

′

i · J
ijny

′

j , nx
′
i · J ijny

′

j = −ny
′

i · J
ijnx

′
j

with nx
′,y′
i

⊥ ni ≡ 〈Si〉/si spin alignment direction

2 The field-dependent conditions: What fields?

ni × (hi +
∑

j
J ij〈Sj〉) = 0 ,

which implies hi = h⊥i + h
‖
i . (h‖i = hini , ni · h⊥i = 0)

hi

hi
¦

i

Si
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What is it good for?
The determination of factorized ground states is a useful tool towards further
improving our understanding of spin systems.

Detect entanglement phase transitions and critical points.
Determine ordered phases .
Obtain analytical results at factorization points and curves.
Discover nontrivial behavior .
Enables the possibility of ground state engineering .
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The XY Z case

Spin array with anisotropic XY Z couplings in a
general fields.

H = −
∑
i

hi ·Si−
∑
i6=j

J ijx Sx
i Sx

j + J ijy Sy
i S

y
j + J ijz Sz

i S
z
j

Recap results in FM and AFM systems⇒ Revise them with our
general equations.



Outline Motivation Factorization The XY Z case The XXZ case Separable State Engineering Conclusions and perspectives

The XY Z case

Spin array with anisotropic XY Z couplings in a
general fields.

H = −
∑
i

hi ·Si−
∑
i6=j

J ijx Sx
i Sx

j + J ijy Sy
i S

y
j + J ijz Sz

i S
z
j

Recap results in FM and AFM systems

⇒ Revise them with our
general equations.



Outline Motivation Factorization The XY Z case The XXZ case Separable State Engineering Conclusions and perspectives

The XY Z case

Spin array with anisotropic XY Z couplings in a
general fields.

H = −
∑
i

hi ·Si−
∑
i6=j

J ijx Sx
i Sx

j + J ijy Sy
i S

y
j + J ijz Sz

i S
z
j

Recap results in FM and AFM systems⇒ Revise them with our
general equations.



Outline Motivation Factorization The XY Z case The XXZ case Separable State Engineering Conclusions and perspectives

Antiferromagnetic spin chain, Recap

Anisotropic XY Z spin chain with first neighbour couplings1

The Hamiltonian

H = −
∑∑∑
i

hµSµi +
∑∑∑
i

JxSxi Sxi+1 + JySyi Syi+1 + JzSzi Szi+1 ,

possess a Néel-type separable GS | ↖↗↖↗ . . .〉 if the factorizing fields
point to the surface of an ellipsoid .

h2
x

(Jx + Jz)(Jx + Jy) +
h2
y

(Jy + Jz)(Jy + Jx)+

h2
z

(Jz + Jx)(Jz + Jy) = 1

The Néel separable GS breaks translational invariance , it must
arise at a GS level crossing and be two-fold degenerate .

1
J. Kurmann, H. Thomas, and G. Müller, Physica A 112, 235 (1982).
G. Müller, and R. E. Shrock, Phys. Rev B 32, 5845 (1985).
L. Amico, F. Baroni, A. Fubini, D. Patane, V. Tognetti, and P. Verrucchi, Phys. Rev. A 74, 022322 (2006).
F. Franchini, A. R. Its, B.-Q. Jin, and V. E. Korepin, J. Phys. A 40, 8467 (2007).

S.M. Giampaolo, G. Adesso, and F. Illuminati, Phys. Rev. B 79, 224434 (2009).
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Ferromagnetic spin systems, Recap

Anisotropic XY Z systems with first neighbor couplings immersed in
transverse fields 1

The uniform state

|Θ〉 = ⊗ni=1|θi〉 = | ↗↗↗ . . .〉

is an exact eigenstate iff

cos2θ = χ = Jy
ij
−Jzij

Jx
ij
−Jz

ij
, and hi = his ≡

∑
j sj(Jxij − Jzij)

√
χ

hi

i

Si
Θ

|Θ〉 is a GS in FM-type systems (0 ≤ |Jyij | ≤ J ijx etc.)

|Θ〉 breaks parity symmetry ([H,Pz] = 0, Pz = eiπSz ).
The GS is two-fold degenerate : linear combinations of
the symmetry preserving entangled crossing states.

1
R. Rossignoli, N. Canosa, J.M. Matera, Phys. Rev. A 77, 052322 (2008); Phys. Rev. A 80, 062325 (2009).
N. Canosa, R. Rossignoli, J.M. Matera, Phys. Rev. B 81, 054415 (2010).
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Anisotropic FM and AFM XY Z systems, Revised
Uniform solution1

The uniform state

|Θ〉 = ⊗ni=1e
−ıφSzi e−ıθS

y
i | ↑i〉 = | ↗↗↗↗ . . .〉,

is an exact eigenstate iff 〈S〉 is parallel to a principal plane .

The XZ plane solution requires again cos2θ = Jy
ij
−Jzij

Jx
ij
−Jz

ij
,while the

factorizing fields of lowest magnitude are
hi⊥ = sin θ cos θ

∑
j sj(Jxij − Jzij)

√
χ (also in the XZ principal plane ).

hi = h⊥i + h
‖
i , |Θ〉 is always a non-degenerate GS in FM and AFM

chains if h
‖
i is sufficiently large: factorization lines in field space.

Feasible with a uniform field !

1
MC, R. Rossignoli, and N. Canosa, Phys. Rev. B 92, 224422 (2015).
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chains if h
‖
i is sufficiently large: factorization lines in field space.

Feasible with a uniform field !
1

MC, R. Rossignoli, and N. Canosa, Phys. Rev. B 92, 224422 (2015).
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Anisotropic FM and AFM XY Z systems, Revised

Néel-type solution1

The Néel-type state | ↖↗↖↗ . . .〉 is an exact eigenstate iff the
factorizing field h ∈ ellipsoid

h2
x

(Jx+Jz)(Jx+Jy) + h2
y

(Jy+Jz)(Jy+Jx) + h2
z

(Jz+Jx)(Jz+Jy) = 1 .

GS in AFM chains, excited state in FM chains .

FM: Just UGS AFM: NGS+UGS !!

1
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Factorization and entanglement
Spin-1/2 chain of N = 12 spins.

FM AFM

Concurrence

Magnetization

Gap

1
MC, R. Rossignoli, and N. Canosa, Phys. Rev. B 92, 224422 (2015).
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The XY Z case

General arrays of spins si with XXZ couplings
immersed in nonuniform transverse fields

H = −
∑∑∑
i

hiSz
i−

∑∑∑
i<j

J ij(Sx
i Sx

j +Sy
i Sy

j )+J ij
z Sz

i Sz
j

Since [H,Sz] = 0 , its eigenstates can be characterized by their total
magnetization M along z .
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Factorization General Equations

The completely separable state

|Θ〉 = ⊗ni=1e−ıφiS
z
i e−ıθiS

y
i | ↑i〉 = | ↗↙↖ ...〉,

is an exact eigenstate

1 Field independent equations: Which state ?

ηij ≡
tan(θj/2)
tan(θi/2) = ∆ij ±

√
∆2
ij − 1 , ∆ij =J ijz /J

ij

2 The field-dependent conditions: What fields?

his =
∑
j

sjνijJ
ij
√

∆2
ij − 1

with νij =±1 the sign in (1). This Eq. is independent of the angles θi
and must fulfill the zero sum condition

∑
i
sih

i
s = 0 .

1
MC, R. Rossignoli, N. Canosa, and E. Rios, Phys. Rev. Lett. 119, 220605 (2017).
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Fundamental Properties

|Θ〉 = ⊗ni=1e−ıφiS
z
i e−ıθiS

y
i | ↑i〉 = | ↗↙↖ ...〉

The energy of the separable state is EΘ = −
∑

i<j
sisjJ

ij
z , which coincides

with the energy of the maximally aligned state |M |=S ≡
∑

i
si .

If Jijz ≥ 0 ∀i, j , |Θ〉 is the GS of the system.

This state breaks the basic symmetry of H as it has no definite magnetization
, it must arise at an exceptionally point where the GS is 2S+ 1 -fold degenerate .

The components of |Θ〉 with definite M are also eigenstates of H with the
same energy EΘ .

PM |Θ〉 ∝
∑

m1,...,mN∑
i
mi=M

[
N∏
i=1

√( 2si
si−mi

)
η

∑i

j=1
mj

i,i+1 ]|m1 . . .mN 〉 , M = −S . . . S ,

where PM = 1
2π

∫ 2π
0 eiϕ(Sz−M)dϕ is the projector onto total magnetization

M . These states are entangled ∀|M |≤ S−1 .

In the vicinity of factorization, entanglement reaches full range .

1
MC, R. Rossignoli, N. Canosa, and E. Rios, Phys. Rev. Lett. 119, 220605 (2017).
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Building separable solutions, or how playing with LEGOS finally paid off

Chain of N spins s with first neighbor interactions.

tan(θj/2)
tan(θi/2)

=
Jz

J
±

√(
Jz

J

)2
− 1 , Jz>J , hij = ±hs = ±sJ

√
∆2 − 1 , hi =

∑
j

hij

1
MC, R. Rossignoli, N. Canosa, and E. Rios, Phys. Rev. Lett. 119, 220605 (2017).
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Fundamental Properties (II)

By projecting onto magnetization M we can determine analytical
expressions for the reduce state of any spin pair . For a d -dimensional
spin-s system with uniform anisotropy ∆ and alternating fields , there are
just 3 distinct reduced pair states ρMoe (odd-even), ρMoo y ρMee

(ρMij )mmj ,m′j = ηfij

√
C
s,m
mj

C
s,m

m′
j

Q
M−m,(δ+2lij)s
Ns−2s−M+m (η)

Q
M,δs
Ns−M (η)

with m = mi +mj = m′i +m′j the pair magnetization ([ρMi,j , Szi + Szj ] = 0),
Qm,kn (η) = (η2 − 1)nPm−k,m+k

n ( η
2+1
η2−1 ) with Pα,βn (x) the Jacobi

polynomials . Cs,mk =
( 2s
s−k

)( 2s
s−m+k

)
and fij = 2s−mj −m′j , 0, 4s− 2m,

lij = 0,−1, 1 for the oe, oo, ee pairs, and δ = 0(1) if N is even (odd).

1
MC, R. Rossignoli, N. Canosa, and E. Rios, Phys. Rev. Lett. 119, 220605 (2017).
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spin-s system with uniform anisotropy ∆ and alternating fields , there are
just 3 distinct reduced pair states ρMoe (odd-even), ρMoo y ρMee

(ρMij )mmj ,m′j = ηfij

√
C
s,m
mj

C
s,m

m′
j

Q
M−m,(δ+2lij)s
Ns−2s−M+m (η)

Q
M,δs
Ns−M (η)

with m = mi +mj = m′i +m′j the pair magnetization ([ρMi,j , Szi + Szj ] = 0),
Qm,kn (η) = (η2 − 1)nPm−k,m+k

n ( η
2+1
η2−1 ) with Pα,βn (x) the Jacobi

polynomials . Cs,mk =
( 2s
s−k

)( 2s
s−m+k

)
and fij = 2s−mj −m′j , 0, 4s− 2m,

lij = 0,−1, 1 for the oe, oo, ee pairs, and δ = 0(1) if N is even (odd).

1
MC, R. Rossignoli, N. Canosa, and E. Rios, Phys. Rev. Lett. 119, 220605 (2017).
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Magnetization and Entanglement

Factorizing fields correspond to critical points in the the multidimensional field
space {h1, . . . , hN} .

In the vicinity of factorization, we can select GSs with any given magnetization .

By applying nontransverse fields, separable ground states can be engineered

1
F. C. Alcaraz, and A. L. Malvezzi, J. Phys. A 28, 1521 (1995).
MC, R. Rossignoli, N. Canosa, and E. Rios, Phys. Rev. Lett. 119, 220605 (2017).
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Other field configuration

1
MC, R. Rossignoli, N. Canosa, and E. Rios, Phys. Rev. Lett. 119, 220605 (2017).
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Bonus

How many state / field configurations are there?

For a chain there are 2N−1 configurations.

(i+ j − k) with i , j the site
k the number of steps from θ11
nondecreasing
terrace forms

L(2, N) = 2× 3N−1

L(3, N) = α+λ
N
+ + α−λ

N
−

λ± = 5±
√

17
2 , α± = 1±3/

√
17

2

1
MC, R. Rossignoli, N. Canosa, and E. Rios, Phys. Rev. Lett. 119, 220605 (2017).
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Bonus
For 1×N 1, 2, 4, 8, 16
For 2×N 2, 6, 18, 54, 162
For 3×N 4, 18, 82, 374, 1706

By defining A(1) = (1) and

A(M + 1) =
(
A(M) A(M)T

0 A(M)

)
with B(M) = A(M) +A(M)T , the total number of configurations is

L(M,N) =
∑
i,j

(BN−1(M))ij

1
MC, R. Rossignoli, N. Canosa, and E. Rios, Phys. Rev. Lett. 119, 220605 (2017).
J. Ginepro, and T.C. Hull, J. Integer Seq. 17, Art. 14.10.8 (2014).
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Separable state engineering

Given a spin system (i.e., given the J ij )
What separable eigenstates can the system posses?

nx
′
i · J ijnx

′
j = ny

′

i · J
ijny

′

j , nx
′
i · J ijny

′

j = −ny
′

i · J
ijnx

′
j (1)

If some control over the couplings and the fields is feasible, then YES!

1
MC, R. Rossignoli, and N. Canosa, Phys. Rev. A 94, 042335 (2016).
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Properties (I)

Lemma 1 : Given ni and nj arbitraries ,
there always exists a nonzero XY Z -type
coupling: J ijµν = J ijµ δµν satisfying (1) .

Lemma 2 : Given J ij y nj , there always exists
at least one ni satisfying (1) .

ni = α[a× b± (ηλ+a + λ−b)] ,

a = J ijnx
′
j , b = J ijny

′
j

, λ2
± =

√
(|a|2−|b|2)2+4|a·b|2±(|a|2−|b|2)

2

Lemma 3 : |Ψs〉 can always become a nondegenerate GS of H with
a controllable gap .

hi

hi
¦

i

Si

1
MC, R. Rossignoli, and N. Canosa, Phys. Rev. A 94, 042335 (2016).
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Properties (II)

Lemma 4 : If si = sj and the coupling is of the XY Z -type.
Given ni and nj , there always exists a uniform factorizing
field:

hij‖ + hij⊥ = hji‖ + hji⊥

We can now think of bulk separable state engineering.

Lemma 5 : Pairwise entanglement reaches full range in the
vicinity of factorization. → Quantum critical point.

1
MC, R. Rossignoli, and N. Canosa, Phys. Rev. A 94, 042335 (2016).
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Fixed and tunable couplings

Tunable couplings Fixed couplings

1
MC, R. Rossignoli, and N. Canosa, Phys. Rev. A 94, 042335 (2016).
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Conclusions and perspectives

General conditions for the existence of separable
eigenstates in spin arrays.

Obtain analytical results in factorization points and lines.
Determine new critical behaviour .
Factorization feasible with simple architectures .
Engineer separable ground states .
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Thanks for your attention!

Our works:
M. Cerezo, R. Rossignoli, N. Canosa, and E. Rı́os, Phys. Rev. Lett. 119, 220605 (2017).
M. Cerezo, R. Rossignoli, and N. Canosa, Phys. Rev. A 94, 042335 (2016).
M. Cerezo, R. Rossignoli, and N. Canosa, Phys. Rev. B 92, 224422 (2015).
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