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Planar diagrams and strings

time

Large-N limit: ’t Hooft’74



AdS/CFT correspondence

Yang-Mills theory with 
N=4 supersymmetry

String theory on
AdS5xS5 background

Maldacena’97
Gubser,Klebanov,Polyakov’98
Witten’98

Exact equivalence



AdS/CFT correspondence Maldacena’97

Gubser,Klebanov,Polyakov’98
Witten’98

N=∞ 
in this talk



Anti-de-Sitter space (AdS5)

5D bulk

4D boundary

z

0





String integrability

S5 = SO(6)/SO(5)
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AdS5 = SO(4, 2)/SO(4, 1)
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• σ – model on AdS5xS5 is integrable
Eichenherr,Forger’79

Superstring:

Super(AdS5 ⇥ S5) = PSU(2, 2|4)/SO(5)⇥ SO(4, 1)
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• Green-Schwarz σ-model is also integrable
Metsaev,Tseytlin’98 Bena,Polchinski,Roiban’03

symmetric spaces



N=4 Supersymmetric Yang-Mills Theory

Field content:

Action:

Gliozzi,Scherk,Olive’77
Brink,Schwarz,Scherk’77



Operators

• Protected

• Non-degenerate

• Degenerate

energy-momentum tensor

Konishi operator

(mixes with                     )



Local operators and spin chains

i j

i j



One loop:

Tree level: Δ=L   (huge degeneracy)



One loop dilatation operator:

Heisenberg Hamiltonian

Integrability!

D |Oni = �n |Oni
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hOn(x)Om(y)i = �nm

|x� y|2�n
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Generic scalar operators :

O =  i1...iL tr�i1 . . .�iL
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Bethe wavefunction of integrable SO(6) spin chain

H = L+
�

16⇡2

LX

l=1

hl,l+1
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hj1j2
i1i2

= 2�j1i1 �
j2
i2

� 2�j2i1 �
j1
i2

+ �i1i2�
j1j2
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Minahan, Z.’02

Arbitrary operators ☛ PSU(2,2|4) spin chain
Beisert, Staudacher’03



Defect CFT & 1pt functions

domain wall

x?
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~xk
<latexit sha1_base64="O+EMPjLfoV5qMgpjqJKiF5NZ/sE=">AAAB+XicbVBNS8NAEN3Ur1q/Uj16WSyCp5KIoN6KXjxWMLbQhrDZTtqlm03Y3VRL7E/x4kHFq//Em//GbZuDtj4YeLw3w8y8MOVMacf5tkorq2vrG+XNytb2zu6eXd2/V0kmKXg04Ylsh0QBZwI8zTSHdiqBxCGHVji8nvqtEUjFEnGnxyn4MekLFjFKtJECu9odAc0fJ0E3JZJwDjywa07dmQEvE7cgNVSgGdhf3V5CsxiEppwo1XGdVPs5kZpRDpNKN1OQEjokfegYKkgMys9np0/wsVF6OEqkKaHxTP09kZNYqXEcms6Y6IFa9Kbif14n09GFnzORZhoEnS+KMo51gqc54B6TQDUfG0KoZOZWTAcmAqpNWhUTgrv48jLxTuuXdff2rNa4KtIoo0N0hE6Qi85RA92gJvIQRQ/oGb2iN+vJerHerY95a8kqZg7QH1ifP0/1lDs=</latexit><latexit sha1_base64="O+EMPjLfoV5qMgpjqJKiF5NZ/sE=">AAAB+XicbVBNS8NAEN3Ur1q/Uj16WSyCp5KIoN6KXjxWMLbQhrDZTtqlm03Y3VRL7E/x4kHFq//Em//GbZuDtj4YeLw3w8y8MOVMacf5tkorq2vrG+XNytb2zu6eXd2/V0kmKXg04Ylsh0QBZwI8zTSHdiqBxCGHVji8nvqtEUjFEnGnxyn4MekLFjFKtJECu9odAc0fJ0E3JZJwDjywa07dmQEvE7cgNVSgGdhf3V5CsxiEppwo1XGdVPs5kZpRDpNKN1OQEjokfegYKkgMys9np0/wsVF6OEqkKaHxTP09kZNYqXEcms6Y6IFa9Kbif14n09GFnzORZhoEnS+KMo51gqc54B6TQDUfG0KoZOZWTAcmAqpNWhUTgrv48jLxTuuXdff2rNa4KtIoo0N0hE6Qi85RA92gJvIQRQ/oGb2iN+vJerHerY95a8kqZg7QH1ifP0/1lDs=</latexit><latexit sha1_base64="O+EMPjLfoV5qMgpjqJKiF5NZ/sE=">AAAB+XicbVBNS8NAEN3Ur1q/Uj16WSyCp5KIoN6KXjxWMLbQhrDZTtqlm03Y3VRL7E/x4kHFq//Em//GbZuDtj4YeLw3w8y8MOVMacf5tkorq2vrG+XNytb2zu6eXd2/V0kmKXg04Ylsh0QBZwI8zTSHdiqBxCGHVji8nvqtEUjFEnGnxyn4MekLFjFKtJECu9odAc0fJ0E3JZJwDjywa07dmQEvE7cgNVSgGdhf3V5CsxiEppwo1XGdVPs5kZpRDpNKN1OQEjokfegYKkgMys9np0/wsVF6OEqkKaHxTP09kZNYqXEcms6Y6IFa9Kbif14n09GFnzORZhoEnS+KMo51gqc54B6TQDUfG0KoZOZWTAcmAqpNWhUTgrv48jLxTuuXdff2rNa4KtIoo0N0hE6Qi85RA92gJvIQRQ/oGb2iN+vJerHerY95a8kqZg7QH1ifP0/1lDs=</latexit><latexit sha1_base64="O+EMPjLfoV5qMgpjqJKiF5NZ/sE=">AAAB+XicbVBNS8NAEN3Ur1q/Uj16WSyCp5KIoN6KXjxWMLbQhrDZTtqlm03Y3VRL7E/x4kHFq//Em//GbZuDtj4YeLw3w8y8MOVMacf5tkorq2vrG+XNytb2zu6eXd2/V0kmKXg04Ylsh0QBZwI8zTSHdiqBxCGHVji8nvqtEUjFEnGnxyn4MekLFjFKtJECu9odAc0fJ0E3JZJwDjywa07dmQEvE7cgNVSgGdhf3V5CsxiEppwo1XGdVPs5kZpRDpNKN1OQEjokfegYKkgMys9np0/wsVF6OEqkKaHxTP09kZNYqXEcms6Y6IFa9Kbif14n09GFnzORZhoEnS+KMo51gqc54B6TQDUfG0KoZOZWTAcmAqpNWhUTgrv48jLxTuuXdff2rNa4KtIoo0N0hE6Qi85RA92gJvIQRQ/oGb2iN+vJerHerY95a8kqZg7QH1ifP0/1lDs=</latexit>

O
<latexit sha1_base64="8TrUXV9Oo9GsC9e2dGVBfBWeAB0=">AAAB8XicbVBNSwMxFMzWr1q/qh69BIvgqeyKoN6KXrxZwbWF7VKyabYNzSZL8lYoS3+GFw8qXv033vw3Zts9aOtAYJh5j8ybKBXcgOt+O5WV1bX1jepmbWt7Z3evvn/waFSmKfOpEkp3I2KY4JL5wEGwbqoZSSLBOtH4pvA7T0wbruQDTFIWJmQoecwpASsFvYTAiBKR30379YbbdGfAy8QrSQOVaPfrX72BolnCJFBBjAk8N4UwJxo4FWxa62WGpYSOyZAFlkqSMBPms8hTfGKVAY6Vtk8Cnqm/N3KSGDNJIjtZRDSLXiH+5wUZxJdhzmWaAZN0/lGcCQwKF/fjAdeMgphYQqjmNiumI6IJBdtSzZbgLZ68TPyz5lXTuz9vtK7LNqroCB2jU+ShC9RCt6iNfESRQs/oFb054Lw4787HfLTilDuH6A+czx/v3JE5</latexit><latexit sha1_base64="8TrUXV9Oo9GsC9e2dGVBfBWeAB0=">AAAB8XicbVBNSwMxFMzWr1q/qh69BIvgqeyKoN6KXrxZwbWF7VKyabYNzSZL8lYoS3+GFw8qXv033vw3Zts9aOtAYJh5j8ybKBXcgOt+O5WV1bX1jepmbWt7Z3evvn/waFSmKfOpEkp3I2KY4JL5wEGwbqoZSSLBOtH4pvA7T0wbruQDTFIWJmQoecwpASsFvYTAiBKR30379YbbdGfAy8QrSQOVaPfrX72BolnCJFBBjAk8N4UwJxo4FWxa62WGpYSOyZAFlkqSMBPms8hTfGKVAY6Vtk8Cnqm/N3KSGDNJIjtZRDSLXiH+5wUZxJdhzmWaAZN0/lGcCQwKF/fjAdeMgphYQqjmNiumI6IJBdtSzZbgLZ68TPyz5lXTuz9vtK7LNqroCB2jU+ShC9RCt6iNfESRQs/oFb054Lw4787HfLTilDuH6A+czx/v3JE5</latexit><latexit sha1_base64="8TrUXV9Oo9GsC9e2dGVBfBWeAB0=">AAAB8XicbVBNSwMxFMzWr1q/qh69BIvgqeyKoN6KXrxZwbWF7VKyabYNzSZL8lYoS3+GFw8qXv033vw3Zts9aOtAYJh5j8ybKBXcgOt+O5WV1bX1jepmbWt7Z3evvn/waFSmKfOpEkp3I2KY4JL5wEGwbqoZSSLBOtH4pvA7T0wbruQDTFIWJmQoecwpASsFvYTAiBKR30379YbbdGfAy8QrSQOVaPfrX72BolnCJFBBjAk8N4UwJxo4FWxa62WGpYSOyZAFlkqSMBPms8hTfGKVAY6Vtk8Cnqm/N3KSGDNJIjtZRDSLXiH+5wUZxJdhzmWaAZN0/lGcCQwKF/fjAdeMgphYQqjmNiumI6IJBdtSzZbgLZ68TPyz5lXTuz9vtK7LNqroCB2jU+ShC9RCt6iNfESRQs/oFb054Lw4787HfLTilDuH6A+czx/v3JE5</latexit><latexit sha1_base64="8TrUXV9Oo9GsC9e2dGVBfBWeAB0=">AAAB8XicbVBNSwMxFMzWr1q/qh69BIvgqeyKoN6KXrxZwbWF7VKyabYNzSZL8lYoS3+GFw8qXv033vw3Zts9aOtAYJh5j8ybKBXcgOt+O5WV1bX1jepmbWt7Z3evvn/waFSmKfOpEkp3I2KY4JL5wEGwbqoZSSLBOtH4pvA7T0wbruQDTFIWJmQoecwpASsFvYTAiBKR30379YbbdGfAy8QrSQOVaPfrX72BolnCJFBBjAk8N4UwJxo4FWxa62WGpYSOyZAFlkqSMBPms8hTfGKVAY6Vtk8Cnqm/N3KSGDNJIjtZRDSLXiH+5wUZxJdhzmWaAZN0/lGcCQwKF/fjAdeMgphYQqjmNiumI6IJBdtSzZbgLZ68TPyz5lXTuz9vtK7LNqroCB2jU+ShC9RCt6iNfESRQs/oFb054Lw4787HfLTilDuH6A+czx/v3JE5</latexit>

hO(x)i = C
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<latexit sha1_base64="18Y6JMMdPn7uRMvDaxH1nDLXi1g="></latexit><latexit sha1_base64="18Y6JMMdPn7uRMvDaxH1nDLXi1g="></latexit><latexit sha1_base64="18Y6JMMdPn7uRMvDaxH1nDLXi1g="></latexit><latexit sha1_base64="18Y6JMMdPn7uRMvDaxH1nDLXi1g="></latexit>



Domain walls in N=4 SYM

x?
<latexit sha1_base64="CnDcISjEcdC8Cmr+igjWzQpkr48=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69BIvgqSQiqLeiF48VjC20oWy2k3bpZrPsbsQS+iO8eFDx6v/x5r9x2+agrQ8GHu/NMDMvkpxp43nfTmlldW19o7xZ2dre2d2r7h886DRTFAOa8lS1I6KRM4GBYYZjWyokScSxFY1upn7rEZVmqbg3Y4lhQgaCxYwSY6XWU68rUcletebVvRncZeIXpAYFmr3qV7ef0ixBYSgnWnd8T5owJ8owynFS6WYaJaEjMsCOpYIkqMN8du7EPbFK341TZUsYd6b+nshJovU4iWxnQsxQL3pT8T+vk5n4MsyZkJlBQeeL4oy7JnWnv7t9ppAaPraEUMXsrS4dEkWosQlVbAj+4svLJDirX9X9u/Na47pIowxHcAyn4MMFNOAWmhAAhRE8wyu8OdJ5cd6dj3lrySlmDuEPnM8f7UiPfg==</latexit><latexit sha1_base64="CnDcISjEcdC8Cmr+igjWzQpkr48=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69BIvgqSQiqLeiF48VjC20oWy2k3bpZrPsbsQS+iO8eFDx6v/x5r9x2+agrQ8GHu/NMDMvkpxp43nfTmlldW19o7xZ2dre2d2r7h886DRTFAOa8lS1I6KRM4GBYYZjWyokScSxFY1upn7rEZVmqbg3Y4lhQgaCxYwSY6XWU68rUcletebVvRncZeIXpAYFmr3qV7ef0ixBYSgnWnd8T5owJ8owynFS6WYaJaEjMsCOpYIkqMN8du7EPbFK341TZUsYd6b+nshJovU4iWxnQsxQL3pT8T+vk5n4MsyZkJlBQeeL4oy7JnWnv7t9ppAaPraEUMXsrS4dEkWosQlVbAj+4svLJDirX9X9u/Na47pIowxHcAyn4MMFNOAWmhAAhRE8wyu8OdJ5cd6dj3lrySlmDuEPnM8f7UiPfg==</latexit><latexit sha1_base64="CnDcISjEcdC8Cmr+igjWzQpkr48=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69BIvgqSQiqLeiF48VjC20oWy2k3bpZrPsbsQS+iO8eFDx6v/x5r9x2+agrQ8GHu/NMDMvkpxp43nfTmlldW19o7xZ2dre2d2r7h886DRTFAOa8lS1I6KRM4GBYYZjWyokScSxFY1upn7rEZVmqbg3Y4lhQgaCxYwSY6XWU68rUcletebVvRncZeIXpAYFmr3qV7ef0ixBYSgnWnd8T5owJ8owynFS6WYaJaEjMsCOpYIkqMN8du7EPbFK341TZUsYd6b+nshJovU4iWxnQsxQL3pT8T+vk5n4MsyZkJlBQeeL4oy7JnWnv7t9ppAaPraEUMXsrS4dEkWosQlVbAj+4svLJDirX9X9u/Na47pIowxHcAyn4MMFNOAWmhAAhRE8wyu8OdJ5cd6dj3lrySlmDuEPnM8f7UiPfg==</latexit><latexit sha1_base64="CnDcISjEcdC8Cmr+igjWzQpkr48=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69BIvgqSQiqLeiF48VjC20oWy2k3bpZrPsbsQS+iO8eFDx6v/x5r9x2+agrQ8GHu/NMDMvkpxp43nfTmlldW19o7xZ2dre2d2r7h886DRTFAOa8lS1I6KRM4GBYYZjWyokScSxFY1upn7rEZVmqbg3Y4lhQgaCxYwSY6XWU68rUcletebVvRncZeIXpAYFmr3qV7ef0ixBYSgnWnd8T5owJ8owynFS6WYaJaEjMsCOpYIkqMN8du7EPbFK341TZUsYd6b+nshJovU4iWxnQsxQL3pT8T+vk5n4MsyZkJlBQeeL4oy7JnWnv7t9ppAaPraEUMXsrS4dEkWosQlVbAj+4svLJDirX9X9u/Na47pIowxHcAyn4MMFNOAWmhAAhRE8wyu8OdJ5cd6dj3lrySlmDuEPnM8f7UiPfg==</latexit>

h�ii
<latexit sha1_base64="/vxe9HnU6lISufoTjFobPZ/4FWA=">AAACB3icbVBNS8NAEN3Ur1q/qh49GCyCp5KIoN6KXjxWsLbQhLDZTtqlm03YnQil9OjFv+LFg4pX/4I3/43bNAdtfTDweG+GmXlhKrhGx/m2SkvLK6tr5fXKxubW9k51d+9eJ5li0GKJSFQnpBoEl9BCjgI6qQIahwLa4fB66rcfQGmeyDscpeDHtC95xBlFIwXVQ09AhJ6gsi/Aaw54wD3F+wP0VC4F1ZpTd3LYi8QtSI0UaAbVL6+XsCwGiUxQrbuuk6I/pgo5EzCpeJmGlLIh7UPXUElj0P44f2RiHxulZ0eJMiXRztXfE2Maaz2KQ9MZUxzoeW8q/ud1M4wu/DGXaYYg2WxRlAkbE3uait3jChiKkSGUKW5utdmAKsrQZFcxIbjzLy+S1mn9su7entUaV0UaZXJAjsgJcck5aZAb0iQtwsgjeSav5M16sl6sd+tj1lqyipl98gfW5w/tUpof</latexit><latexit sha1_base64="/vxe9HnU6lISufoTjFobPZ/4FWA=">AAACB3icbVBNS8NAEN3Ur1q/qh49GCyCp5KIoN6KXjxWsLbQhLDZTtqlm03YnQil9OjFv+LFg4pX/4I3/43bNAdtfTDweG+GmXlhKrhGx/m2SkvLK6tr5fXKxubW9k51d+9eJ5li0GKJSFQnpBoEl9BCjgI6qQIahwLa4fB66rcfQGmeyDscpeDHtC95xBlFIwXVQ09AhJ6gsi/Aaw54wD3F+wP0VC4F1ZpTd3LYi8QtSI0UaAbVL6+XsCwGiUxQrbuuk6I/pgo5EzCpeJmGlLIh7UPXUElj0P44f2RiHxulZ0eJMiXRztXfE2Maaz2KQ9MZUxzoeW8q/ud1M4wu/DGXaYYg2WxRlAkbE3uait3jChiKkSGUKW5utdmAKsrQZFcxIbjzLy+S1mn9su7entUaV0UaZXJAjsgJcck5aZAb0iQtwsgjeSav5M16sl6sd+tj1lqyipl98gfW5w/tUpof</latexit><latexit sha1_base64="/vxe9HnU6lISufoTjFobPZ/4FWA=">AAACB3icbVBNS8NAEN3Ur1q/qh49GCyCp5KIoN6KXjxWsLbQhLDZTtqlm03YnQil9OjFv+LFg4pX/4I3/43bNAdtfTDweG+GmXlhKrhGx/m2SkvLK6tr5fXKxubW9k51d+9eJ5li0GKJSFQnpBoEl9BCjgI6qQIahwLa4fB66rcfQGmeyDscpeDHtC95xBlFIwXVQ09AhJ6gsi/Aaw54wD3F+wP0VC4F1ZpTd3LYi8QtSI0UaAbVL6+XsCwGiUxQrbuuk6I/pgo5EzCpeJmGlLIh7UPXUElj0P44f2RiHxulZ0eJMiXRztXfE2Maaz2KQ9MZUxzoeW8q/ud1M4wu/DGXaYYg2WxRlAkbE3uait3jChiKkSGUKW5utdmAKsrQZFcxIbjzLy+S1mn9su7entUaV0UaZXJAjsgJcck5aZAb0iQtwsgjeSav5M16sl6sd+tj1lqyipl98gfW5w/tUpof</latexit><latexit sha1_base64="/vxe9HnU6lISufoTjFobPZ/4FWA=">AAACB3icbVBNS8NAEN3Ur1q/qh49GCyCp5KIoN6KXjxWsLbQhLDZTtqlm03YnQil9OjFv+LFg4pX/4I3/43bNAdtfTDweG+GmXlhKrhGx/m2SkvLK6tr5fXKxubW9k51d+9eJ5li0GKJSFQnpBoEl9BCjgI6qQIahwLa4fB66rcfQGmeyDscpeDHtC95xBlFIwXVQ09AhJ6gsi/Aaw54wD3F+wP0VC4F1ZpTd3LYi8QtSI0UaAbVL6+XsCwGiUxQrbuuk6I/pgo5EzCpeJmGlLIh7UPXUElj0P44f2RiHxulZ0eJMiXRztXfE2Maaz2KQ9MZUxzoeW8q/ud1M4wu/DGXaYYg2WxRlAkbE3uait3jChiKkSGUKW5utdmAKsrQZFcxIbjzLy+S1mn9su7entUaV0UaZXJAjsgJcck5aZAb0iQtwsgjeSav5M16sl6sd+tj1lqyipl98gfW5w/tUpof</latexit>

1
<latexit sha1_base64="nssCtOJ7lvbewQcLSDAFh5bNgE0=">AAAB7HicbVBNS8NAEJ34WetX1aOXYBE8lUQE9Vb04rGCaQttKJvtpl272Q27E6GE/gcvHlS8+oO8+W/ctjlo64OBx3szzMyLUsENet63s7K6tr6xWdoqb+/s7u1XDg6bRmWasoAqoXQ7IoYJLlmAHAVrp5qRJBKsFY1up37riWnDlXzAccrChAwkjzklaKVml8sYx71K1at5M7jLxC9IFQo0epWvbl/RLGESqSDGdHwvxTAnGjkVbFLuZoalhI7IgHUslSRhJsxn107cU6v03VhpWxLdmfp7IieJMeMksp0JwaFZ9Kbif14nw/gqzLlMM2SSzhfFmXBRudPX3T7XjKIYW0Ko5vZWlw6JJhRtQGUbgr/48jIJzmvXNf/+olq/KdIowTGcwBn4cAl1uIMGBEDhEZ7hFd4c5bw4787HvHXFKWaO4A+czx8ugo8Q</latexit><latexit sha1_base64="nssCtOJ7lvbewQcLSDAFh5bNgE0=">AAAB7HicbVBNS8NAEJ34WetX1aOXYBE8lUQE9Vb04rGCaQttKJvtpl272Q27E6GE/gcvHlS8+oO8+W/ctjlo64OBx3szzMyLUsENet63s7K6tr6xWdoqb+/s7u1XDg6bRmWasoAqoXQ7IoYJLlmAHAVrp5qRJBKsFY1up37riWnDlXzAccrChAwkjzklaKVml8sYx71K1at5M7jLxC9IFQo0epWvbl/RLGESqSDGdHwvxTAnGjkVbFLuZoalhI7IgHUslSRhJsxn107cU6v03VhpWxLdmfp7IieJMeMksp0JwaFZ9Kbif14nw/gqzLlMM2SSzhfFmXBRudPX3T7XjKIYW0Ko5vZWlw6JJhRtQGUbgr/48jIJzmvXNf/+olq/KdIowTGcwBn4cAl1uIMGBEDhEZ7hFd4c5bw4787HvHXFKWaO4A+czx8ugo8Q</latexit><latexit sha1_base64="nssCtOJ7lvbewQcLSDAFh5bNgE0=">AAAB7HicbVBNS8NAEJ34WetX1aOXYBE8lUQE9Vb04rGCaQttKJvtpl272Q27E6GE/gcvHlS8+oO8+W/ctjlo64OBx3szzMyLUsENet63s7K6tr6xWdoqb+/s7u1XDg6bRmWasoAqoXQ7IoYJLlmAHAVrp5qRJBKsFY1up37riWnDlXzAccrChAwkjzklaKVml8sYx71K1at5M7jLxC9IFQo0epWvbl/RLGESqSDGdHwvxTAnGjkVbFLuZoalhI7IgHUslSRhJsxn107cU6v03VhpWxLdmfp7IieJMeMksp0JwaFZ9Kbif14nw/gqzLlMM2SSzhfFmXBRudPX3T7XjKIYW0Ko5vZWlw6JJhRtQGUbgr/48jIJzmvXNf/+olq/KdIowTGcwBn4cAl1uIMGBEDhEZ7hFd4c5bw4787HvHXFKWaO4A+czx8ugo8Q</latexit><latexit sha1_base64="nssCtOJ7lvbewQcLSDAFh5bNgE0=">AAAB7HicbVBNS8NAEJ34WetX1aOXYBE8lUQE9Vb04rGCaQttKJvtpl272Q27E6GE/gcvHlS8+oO8+W/ctjlo64OBx3szzMyLUsENet63s7K6tr6xWdoqb+/s7u1XDg6bRmWasoAqoXQ7IoYJLlmAHAVrp5qRJBKsFY1up37riWnDlXzAccrChAwkjzklaKVml8sYx71K1at5M7jLxC9IFQo0epWvbl/RLGESqSDGdHwvxTAnGjkVbFLuZoalhI7IgHUslSRhJsxn107cU6v03VhpWxLdmfp7IieJMeMksp0JwaFZ9Kbif14nw/gqzLlMM2SSzhfFmXBRudPX3T7XjKIYW0Ko5vZWlw6JJhRtQGUbgr/48jIJzmvXNf/+olq/KdIowTGcwBn4cAl1uIMGBEDhEZ7hFd4c5bw4787HvHXFKWaO4A+czx8ugo8Q</latexit>
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<latexit sha1_base64="1E4C0VPeW/xsPufe7PmMies0GuU=">AAACEnicbVDLSsNAFJ34rPUVdekmWAQRKYkI6kIounFZwdpCE8JketNOO3kwc1Moof/gxl9x40LFrSt3/o3Tx0JbDwwczjmXO/cEqeAKbfvbWFhcWl5ZLawV1zc2t7bNnd0HlWSSQY0lIpGNgCoQPIYachTQSCXQKBBQD3o3I7/eB6l4Et/jIAUvou2Yh5xR1JJvHrsCQmyiz0/Q77qStzvoXXG3TyWkigudyXm3N0S/55slu2yPYc0TZ0pKZIqqb365rYRlEcTIBFWq6dgpejmVyJmAYdHNFKSU9WgbmprGNALl5eObhtahVlpWmEj9YrTG6u+JnEZKDaJAJyOKHTXrjcT/vGaG4YWX8zjNEGI2WRRmwsLEGhVktbgEhmKgCWWS679arEMlZahrLOoSnNmT50nttHxZdu7OSpXraRsFsk8OyBFxyDmpkFtSJTXCyCN5Jq/kzXgyXox342MSXTCmM3vkD4zPHwLYnxk=</latexit><latexit sha1_base64="1E4C0VPeW/xsPufe7PmMies0GuU=">AAACEnicbVDLSsNAFJ34rPUVdekmWAQRKYkI6kIounFZwdpCE8JketNOO3kwc1Moof/gxl9x40LFrSt3/o3Tx0JbDwwczjmXO/cEqeAKbfvbWFhcWl5ZLawV1zc2t7bNnd0HlWSSQY0lIpGNgCoQPIYachTQSCXQKBBQD3o3I7/eB6l4Et/jIAUvou2Yh5xR1JJvHrsCQmyiz0/Q77qStzvoXXG3TyWkigudyXm3N0S/55slu2yPYc0TZ0pKZIqqb365rYRlEcTIBFWq6dgpejmVyJmAYdHNFKSU9WgbmprGNALl5eObhtahVlpWmEj9YrTG6u+JnEZKDaJAJyOKHTXrjcT/vGaG4YWX8zjNEGI2WRRmwsLEGhVktbgEhmKgCWWS679arEMlZahrLOoSnNmT50nttHxZdu7OSpXraRsFsk8OyBFxyDmpkFtSJTXCyCN5Jq/kzXgyXox342MSXTCmM3vkD4zPHwLYnxk=</latexit><latexit sha1_base64="1E4C0VPeW/xsPufe7PmMies0GuU=">AAACEnicbVDLSsNAFJ34rPUVdekmWAQRKYkI6kIounFZwdpCE8JketNOO3kwc1Moof/gxl9x40LFrSt3/o3Tx0JbDwwczjmXO/cEqeAKbfvbWFhcWl5ZLawV1zc2t7bNnd0HlWSSQY0lIpGNgCoQPIYachTQSCXQKBBQD3o3I7/eB6l4Et/jIAUvou2Yh5xR1JJvHrsCQmyiz0/Q77qStzvoXXG3TyWkigudyXm3N0S/55slu2yPYc0TZ0pKZIqqb365rYRlEcTIBFWq6dgpejmVyJmAYdHNFKSU9WgbmprGNALl5eObhtahVlpWmEj9YrTG6u+JnEZKDaJAJyOKHTXrjcT/vGaG4YWX8zjNEGI2WRRmwsLEGhVktbgEhmKgCWWS679arEMlZahrLOoSnNmT50nttHxZdu7OSpXraRsFsk8OyBFxyDmpkFtSJTXCyCN5Jq/kzXgyXox342MSXTCmM3vkD4zPHwLYnxk=</latexit><latexit sha1_base64="1E4C0VPeW/xsPufe7PmMies0GuU=">AAACEnicbVDLSsNAFJ34rPUVdekmWAQRKYkI6kIounFZwdpCE8JketNOO3kwc1Moof/gxl9x40LFrSt3/o3Tx0JbDwwczjmXO/cEqeAKbfvbWFhcWl5ZLawV1zc2t7bNnd0HlWSSQY0lIpGNgCoQPIYachTQSCXQKBBQD3o3I7/eB6l4Et/jIAUvou2Yh5xR1JJvHrsCQmyiz0/Q77qStzvoXXG3TyWkigudyXm3N0S/55slu2yPYc0TZ0pKZIqqb365rYRlEcTIBFWq6dgpejmVyJmAYdHNFKSU9WgbmprGNALl5eObhtahVlpWmEj9YrTG6u+JnEZKDaJAJyOKHTXrjcT/vGaG4YWX8zjNEGI2WRRmwsLEGhVktbgEhmKgCWWS679arEMlZahrLOoSnNmT50nttHxZdu7OSpXraRsFsk8OyBFxyDmpkFtSJTXCyCN5Jq/kzXgyXox342MSXTCmM3vkD4zPHwLYnxk=</latexit>

Eqs. of motion:

☛ k-dim. rep. of SU(2)



1pt functions
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Matrix product state: MPSi1...iL = tr ti1 . . . tiL
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1pt function in BCFT    ⇔ Overlap in spin chain
de Leeuw, Kristjansen, Z.’15



Integrable boundary states
Ghoshal, Zamolodchikov’93
Piroli, Pozsgay, Vernier’17
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Integrable boundary states (ctd)
Ghoshal, Zamolodchikov’93
Piroli, Pozsgay, Vernier’17
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Piroli, Pozsgay, Vernier’17

all parity-odd charges



Is MPS integrable?
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(for k=2)
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Q3 ⋅MPS...ijk... = �j�k�i − �k�i�j = 0
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⇒ MPSk=2 is integrable de Leeuw, Kristjansen, Z.’15

Works for any Q2n-1, k, and beyond su(2)
de Leeuw, Kristjansen, Linardopoulos’18



MPS and Néel

Define unitary transformation:

de Leeuw, Kristjansen, Z.’15
Piroli, Pozsgay, Vernier’17
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Piroli, Pozsgay, Vernier’17
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Néel state as integrable boundary state

Generalized Néel states:�MPS� =W �Néel�
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(reflection equation)

Cherednik’84
de Vega, Gonzalez-Ruiz’93

Sklyanin’88
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Overlaps

Interested in 
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Freezing trick ⇒ Recurrence relations ⇒ Determinant representation
Korepin’82; Izergin’87

�cl
i = 1

x⊥ �
ti 0
0 0
�

C = �8⇡2

�

�
L
2

L

− 1
2
�MPS � �
� � � 12

�B� =�
N
� d

N
p (pi) �p1,−p1, . . . , pN ,−pN�
Q2n+1 �B� = 0

�MPS� = 1

2
tr

L�
l=1
��↑l�⊗ �1 + �↓l�⊗ �2�

↑ ↑ ↓ ↓ ↑ ↑ ↑ ↓ ↑ ↓
1

2
tr�1�1�2�2�1�1�1�2�1�2

Q3 ⋅MPS...ijk... = �j�k�i − �k�i�j = 0
{�i,�j} = 2�ij
�i →W

†
�iW

W = e
i⇡
4√
2
�1 i

1 −i�
�K(y1) . . .K(yN)�B(x1) . . .B(xM) �0�

�MPS� {uj}� is non-zero only if

�cl
i = 1

x⊥ �
ti 0
0 0
�

C = �8⇡2

�

�
L
2

L

− 1
2
�MPS � �
� � � 12

�B� =�
N
� d

N
p (pi) �p1,−p1, . . . , pN ,−pN�
Q2n+1 �B� = 0

�MPS� = 1

2
tr

L�
l=1
��↑l�⊗ �1 + �↓l�⊗ �2�

↑ ↑ ↓ ↓ ↑ ↑ ↑ ↓ ↑ ↓
1

2
tr�1�1�2�2�1�1�1�2�1�2

Q3 ⋅MPS...ijk... = �j�k�i − �k�i�j = 0
{�i,�j} = 2�ij
�i →W

†
�iW

W = e
i⇡
4√
2
�1 i

1 −i�
�K(y1) . . .K(yN)�B(x1) . . .B(xM) �0�

�MPS� {uj}�
{u} = {uj,−uj}j=1...M

2

Gaudin norm:
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Result:

and is expressed in terms of Gaudin-like determinant
Tsuchiya’98
Pozsgay’13
Brockmann, DeNardis, Wouters, Caux’14
Foda, Z.’15



Without reference to the dimension of the representation, k, one can show
that [5]

• Ck ({uj}) vanishes unless L and M are both even.

• Ck ({uj}) vanishes unless {uj} = {−uj}.
The states which fullfill the second criterium are the so-called unpaired states
which can also be characterized as states being invariant under spin-chain
parity, cf. f.inst. [12]. In particular, we note that the one-point function thus
e↵ectively depends only on M�2 rapidities.

3 The k = 2 case

In the k = 2 case it was found in [5] that C2 ({uj}) could be compactly
expressed in terms of matrices of size M�2 ×M�2, namely

K±jk = 2
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and
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Moreover, it was observed that for M = L�2 the overlap, up to a simple
factor, coincided with the overlap between the Bethe eigenstate and the Néel
state, i.e. the state with alternating spins which is the ground state of the
anti-ferromagnetic Heisenberg spin chain�Néel� = �↑↓↑↓ . . . ↑↓� + �↓↑↓↑ . . . ↓↑� . (3.4)

This fact could be exploited to construct a proof of the formula (3.3) for
M = L�2 as it could be proved that, restricted to the components with half-
filling, the matrix product state is cohomologically equivalent to the Néel
state �MPS2� �

M=L
2

= 1

2L( i2)M �Néel� + S− �. . .� . (3.5)
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state, i.e. the state with alternating spins which is the ground state of the
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Overlap:
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Factorization of Gaudin determinant

Brockmann, DeNardis, Wouters, Caux’14



Higher representations

MPSi1...iL = tr ti1 . . . tiL
<latexit sha1_base64="ls8Mbd5vUF2Zvw6qL1/tHlElcMQ="></latexit><latexit sha1_base64="ls8Mbd5vUF2Zvw6qL1/tHlElcMQ="></latexit><latexit sha1_base64="ls8Mbd5vUF2Zvw6qL1/tHlElcMQ="></latexit><latexit sha1_base64="ls8Mbd5vUF2Zvw6qL1/tHlElcMQ="></latexit>

k-dim. rep. of su(2)
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Twisted spin chain
Widén’18

V – arbitary 2x2 matrix. Usually:
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Beyond su(2)

Nested Bethe ansatz: 
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de Leeuw, Kristjansen, Linardopoulos’17
de Leeuw, Kristjansen, Mori’16

For SO(6) in vector rep:

Group-theory interpretation of the prefactor?

(conjectural)

Q1Q- Q+



For SL(2) spin chain:

• zero for any highest weight eigenstate

{uk,a} = {uj,a,−uj,a}a=1... rankG

j=1...Ma
2

�MPS� {uj}�� {uj}� {uj}� 12 = 21−
L
2
��Q � i2�Q (0) detG+

detG−
��

1
2

Q(u) = M�
j=1
(u − uj)

Ral(u)→ V

−1
a V

−1
l Ral(u)VaVl

V = � e i'
2

e − i'
2
�

�Kab(u)�VaVb = �Kab(u)�
�Kab(u)�V 2

a V
−2
b

�K(u)� = �↑↓� (u+ + ⇠) e i' + �↓↑� (u+ − ⇠) e −i' + �↑↑� × 0
Gai,bj = @Betheai

@ubj

G = �A B

B A

�
{−uj}

det�A B

B A

� = det(A +B)det(A −B)
O = �

s1+...+sL=S
1

s1! . . . sL!
 s1...sL trD

s1+ Z . . .D

sL+ Z

�MPS� � = �
s1+...+sL=S

{uk,a} = {uj,a,−uj,a}a=1... rankG

j=1...Ma
2

�MPS� {uj}�� {uj}� {uj}� 12 = 21−
L
2
��Q � i2�Q (0) detG+

detG−
��

1
2

Q(u) = M�
j=1
(u − uj)

Ral(u)→ V

−1
a V

−1
l Ral(u)VaVl

V = � e i'
2

e − i'
2
�

�Kab(u)�VaVb = �Kab(u)�
�Kab(u)�V 2

a V
−2
b

�K(u)� = �↑↓� (u+ + ⇠) e i' + �↓↑� (u+ − ⇠) e −i' + �↑↑� × 0
Gai,bj = @Betheai

@ubj

G = �A B

B A

�
{−uj}

det�A B

B A

� = det(A +B)det(A −B)
O = �

s1+...+sL=S
1

s1! . . . sL!
 s1...sL trD

s1+ Z . . .D

sL+ Z

�O�∝ �MPS� � ≡ �
s1+...+sL=S

 s1...sL

follows from a bCFT theorem
(tensor operators have trivial 1pt functions
in co-dimension 1 defect CFT),
no internal spin-chain proof

Liendo, Rastelli, van Rees’16



Open problems

• MPS for arbitrary symmetry group and general 
formula for nested BA

• Relation to Q-functions and Quantum Spectral
Curve

• Beyond 1-loop in SYM
• Relation to string theory and σ-models
• What other boundary states are integrable?

Buhl-Mortensen, de Leeuw, Ipsen, Kristjansen, Wilhelm’16’17

Gromov, Kazakov, Leurent, Volin’14


