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<latexit sha1_base64="Q8tA1Rq3mdczJs1Y/MuEZi3J3sQ=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqBeh6MVjFfsBbSib7aZdutmE3YlQQv+BFw+KePUfefPfuG1z0NYHA4/3ZpiZFyRSGHTdb6ewtr6xuVXcLu3s7u0flA+PWiZONeNNFstYdwJquBSKN1Gg5J1EcxoFkreD8e3Mbz9xbUSsHnGScD+iQyVCwSha6eHa65crbtWdg6wSLycVyNHol796g5ilEVfIJDWm67kJ+hnVKJjk01IvNTyhbEyHvGupohE3fja/dErOrDIgYaxtKSRz9fdERiNjJlFgOyOKI7PszcT/vG6K4ZWfCZWkyBVbLApTSTAms7fJQGjOUE4soUwLeythI6opQxtOyYbgLb+8SloXVc+teveXlfpNHkcRTuAUzsGDGtThDhrQBAYhPMMrvDlj58V5dz4WrQUnnzmGP3A+fwD8Moz8</latexit><latexit sha1_base64="Q8tA1Rq3mdczJs1Y/MuEZi3J3sQ=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqBeh6MVjFfsBbSib7aZdutmE3YlQQv+BFw+KePUfefPfuG1z0NYHA4/3ZpiZFyRSGHTdb6ewtr6xuVXcLu3s7u0flA+PWiZONeNNFstYdwJquBSKN1Gg5J1EcxoFkreD8e3Mbz9xbUSsHnGScD+iQyVCwSha6eHa65crbtWdg6wSLycVyNHol796g5ilEVfIJDWm67kJ+hnVKJjk01IvNTyhbEyHvGupohE3fja/dErOrDIgYaxtKSRz9fdERiNjJlFgOyOKI7PszcT/vG6K4ZWfCZWkyBVbLApTSTAms7fJQGjOUE4soUwLeythI6opQxtOyYbgLb+8SloXVc+teveXlfpNHkcRTuAUzsGDGtThDhrQBAYhPMMrvDlj58V5dz4WrQUnnzmGP3A+fwD8Moz8</latexit><latexit sha1_base64="Q8tA1Rq3mdczJs1Y/MuEZi3J3sQ=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqBeh6MVjFfsBbSib7aZdutmE3YlQQv+BFw+KePUfefPfuG1z0NYHA4/3ZpiZFyRSGHTdb6ewtr6xuVXcLu3s7u0flA+PWiZONeNNFstYdwJquBSKN1Gg5J1EcxoFkreD8e3Mbz9xbUSsHnGScD+iQyVCwSha6eHa65crbtWdg6wSLycVyNHol796g5ilEVfIJDWm67kJ+hnVKJjk01IvNTyhbEyHvGupohE3fja/dErOrDIgYaxtKSRz9fdERiNjJlFgOyOKI7PszcT/vG6K4ZWfCZWkyBVbLApTSTAms7fJQGjOUE4soUwLeythI6opQxtOyYbgLb+8SloXVc+teveXlfpNHkcRTuAUzsGDGtThDhrQBAYhPMMrvDlj58V5dz4WrQUnnzmGP3A+fwD8Moz8</latexit><latexit sha1_base64="Q8tA1Rq3mdczJs1Y/MuEZi3J3sQ=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqBeh6MVjFfsBbSib7aZdutmE3YlQQv+BFw+KePUfefPfuG1z0NYHA4/3ZpiZFyRSGHTdb6ewtr6xuVXcLu3s7u0flA+PWiZONeNNFstYdwJquBSKN1Gg5J1EcxoFkreD8e3Mbz9xbUSsHnGScD+iQyVCwSha6eHa65crbtWdg6wSLycVyNHol796g5ilEVfIJDWm67kJ+hnVKJjk01IvNTyhbEyHvGupohE3fja/dErOrDIgYaxtKSRz9fdERiNjJlFgOyOKI7PszcT/vG6K4ZWfCZWkyBVbLApTSTAms7fJQGjOUE4soUwLeythI6opQxtOyYbgLb+8SloXVc+teveXlfpNHkcRTuAUzsGDGtThDhrQBAYhPMMrvDlj58V5dz4WrQUnnzmGP3A+fwD8Moz8</latexit>

�
<latexit sha1_base64="/JI5iynvNWOEKZjLq6ujHWhdsHw=">AAAB7nicbVDLSsNAFL2pr1pfVZduBovgqiQi1GXRjcsK9gFtKJPJpB06mYSZG6GEfoQbF4q49Xvc+TdO2yy09cDA4ZxzmXtPkEph0HW/ndLG5tb2Tnm3srd/cHhUPT7pmCTTjLdZIhPdC6jhUijeRoGS91LNaRxI3g0md3O/+8S1EYl6xGnK/ZiOlIgEo2il7kDaaEiH1Zpbdxcg68QrSA0KtIbVr0GYsCzmCpmkxvQ9N0U/pxoFk3xWGWSGp5RN6Ij3LVU05sbPF+vOyIVVQhIl2j6FZKH+nshpbMw0Dmwypjg2q95c/M/rZxjd+LlQaYZcseVHUSYJJmR+OwmF5gzl1BLKtLC7EjammjK0DVVsCd7qyeukc1X33Lr3cF1r3hZ1lOEMzuESPGhAE+6hBW1gMIFneIU3J3VenHfnYxktOcXMKfyB8/kDPMWPfQ==</latexit><latexit sha1_base64="/JI5iynvNWOEKZjLq6ujHWhdsHw=">AAAB7nicbVDLSsNAFL2pr1pfVZduBovgqiQi1GXRjcsK9gFtKJPJpB06mYSZG6GEfoQbF4q49Xvc+TdO2yy09cDA4ZxzmXtPkEph0HW/ndLG5tb2Tnm3srd/cHhUPT7pmCTTjLdZIhPdC6jhUijeRoGS91LNaRxI3g0md3O/+8S1EYl6xGnK/ZiOlIgEo2il7kDaaEiH1Zpbdxcg68QrSA0KtIbVr0GYsCzmCpmkxvQ9N0U/pxoFk3xWGWSGp5RN6Ij3LVU05sbPF+vOyIVVQhIl2j6FZKH+nshpbMw0Dmwypjg2q95c/M/rZxjd+LlQaYZcseVHUSYJJmR+OwmF5gzl1BLKtLC7EjammjK0DVVsCd7qyeukc1X33Lr3cF1r3hZ1lOEMzuESPGhAE+6hBW1gMIFneIU3J3VenHfnYxktOcXMKfyB8/kDPMWPfQ==</latexit><latexit sha1_base64="/JI5iynvNWOEKZjLq6ujHWhdsHw=">AAAB7nicbVDLSsNAFL2pr1pfVZduBovgqiQi1GXRjcsK9gFtKJPJpB06mYSZG6GEfoQbF4q49Xvc+TdO2yy09cDA4ZxzmXtPkEph0HW/ndLG5tb2Tnm3srd/cHhUPT7pmCTTjLdZIhPdC6jhUijeRoGS91LNaRxI3g0md3O/+8S1EYl6xGnK/ZiOlIgEo2il7kDaaEiH1Zpbdxcg68QrSA0KtIbVr0GYsCzmCpmkxvQ9N0U/pxoFk3xWGWSGp5RN6Ij3LVU05sbPF+vOyIVVQhIl2j6FZKH+nshpbMw0Dmwypjg2q95c/M/rZxjd+LlQaYZcseVHUSYJJmR+OwmF5gzl1BLKtLC7EjammjK0DVVsCd7qyeukc1X33Lr3cF1r3hZ1lOEMzuESPGhAE+6hBW1gMIFneIU3J3VenHfnYxktOcXMKfyB8/kDPMWPfQ==</latexit><latexit sha1_base64="/JI5iynvNWOEKZjLq6ujHWhdsHw=">AAAB7nicbVDLSsNAFL2pr1pfVZduBovgqiQi1GXRjcsK9gFtKJPJpB06mYSZG6GEfoQbF4q49Xvc+TdO2yy09cDA4ZxzmXtPkEph0HW/ndLG5tb2Tnm3srd/cHhUPT7pmCTTjLdZIhPdC6jhUijeRoGS91LNaRxI3g0md3O/+8S1EYl6xGnK/ZiOlIgEo2il7kDaaEiH1Zpbdxcg68QrSA0KtIbVr0GYsCzmCpmkxvQ9N0U/pxoFk3xWGWSGp5RN6Ij3LVU05sbPF+vOyIVVQhIl2j6FZKH+nshpbMw0Dmwypjg2q95c/M/rZxjd+LlQaYZcseVHUSYJJmR+OwmF5gzl1BLKtLC7EjammjK0DVVsCd7qyeukc1X33Lr3cF1r3hZ1lOEMzuESPGhAE+6hBW1gMIFneIU3J3VenHfnYxktOcXMKfyB8/kDPMWPfQ==</latexit>

(for � = �c = 1)
<latexit sha1_base64="2YsTYfQT7zZUKt5pWTgYKLOpWxI=">AAACCXicbVC7TsMwFHXKq5RXgJHFokIqS5UgJFgqVbAwFok+pDaKHMdprdpxZDuIKurKwq+wMIAQK3/Axt/gtBmg5Sw+Ouce+d4TJIwq7TjfVmlldW19o7xZ2dre2d2z9w86SqQSkzYWTMhegBRhNCZtTTUjvUQSxANGusH4Ove790QqKuI7PUmIx9EwphHFSBvJt2FtwAPxkEVCwumAmWCIGsXr44Z76ttVp+7MAJeJW5AqKNDy7a9BKHDKSawxQ0r1XSfRXoakppiRaWWQKpIgPEZD0jc0RpwoL5tdMoUnRglhvkwkYg1n6u9EhrhSEx6YSY70SC16ufif1091dOllNE5STWI8/yhKGdQC5rXAkEqCNZsYgrCkZleIR0girE15FVOCu3jyMumc1V2n7t6eV5tXRR1lcASOQQ244AI0wQ1ogTbA4BE8g1fwZj1ZL9a79TEfLVlF5hD8gfX5A48OmZQ=</latexit><latexit sha1_base64="2YsTYfQT7zZUKt5pWTgYKLOpWxI=">AAACCXicbVC7TsMwFHXKq5RXgJHFokIqS5UgJFgqVbAwFok+pDaKHMdprdpxZDuIKurKwq+wMIAQK3/Axt/gtBmg5Sw+Ouce+d4TJIwq7TjfVmlldW19o7xZ2dre2d2z9w86SqQSkzYWTMhegBRhNCZtTTUjvUQSxANGusH4Ove790QqKuI7PUmIx9EwphHFSBvJt2FtwAPxkEVCwumAmWCIGsXr44Z76ttVp+7MAJeJW5AqKNDy7a9BKHDKSawxQ0r1XSfRXoakppiRaWWQKpIgPEZD0jc0RpwoL5tdMoUnRglhvkwkYg1n6u9EhrhSEx6YSY70SC16ufif1091dOllNE5STWI8/yhKGdQC5rXAkEqCNZsYgrCkZleIR0girE15FVOCu3jyMumc1V2n7t6eV5tXRR1lcASOQQ244AI0wQ1ogTbA4BE8g1fwZj1ZL9a79TEfLVlF5hD8gfX5A48OmZQ=</latexit><latexit sha1_base64="2YsTYfQT7zZUKt5pWTgYKLOpWxI=">AAACCXicbVC7TsMwFHXKq5RXgJHFokIqS5UgJFgqVbAwFok+pDaKHMdprdpxZDuIKurKwq+wMIAQK3/Axt/gtBmg5Sw+Ouce+d4TJIwq7TjfVmlldW19o7xZ2dre2d2z9w86SqQSkzYWTMhegBRhNCZtTTUjvUQSxANGusH4Ove790QqKuI7PUmIx9EwphHFSBvJt2FtwAPxkEVCwumAmWCIGsXr44Z76ttVp+7MAJeJW5AqKNDy7a9BKHDKSawxQ0r1XSfRXoakppiRaWWQKpIgPEZD0jc0RpwoL5tdMoUnRglhvkwkYg1n6u9EhrhSEx6YSY70SC16ufif1091dOllNE5STWI8/yhKGdQC5rXAkEqCNZsYgrCkZleIR0girE15FVOCu3jyMumc1V2n7t6eV5tXRR1lcASOQQ244AI0wQ1ogTbA4BE8g1fwZj1ZL9a79TEfLVlF5hD8gfX5A48OmZQ=</latexit><latexit sha1_base64="2YsTYfQT7zZUKt5pWTgYKLOpWxI=">AAACCXicbVC7TsMwFHXKq5RXgJHFokIqS5UgJFgqVbAwFok+pDaKHMdprdpxZDuIKurKwq+wMIAQK3/Axt/gtBmg5Sw+Ouce+d4TJIwq7TjfVmlldW19o7xZ2dre2d2z9w86SqQSkzYWTMhegBRhNCZtTTUjvUQSxANGusH4Ove790QqKuI7PUmIx9EwphHFSBvJt2FtwAPxkEVCwumAmWCIGsXr44Z76ttVp+7MAJeJW5AqKNDy7a9BKHDKSawxQ0r1XSfRXoakppiRaWWQKpIgPEZD0jc0RpwoL5tdMoUnRglhvkwkYg1n6u9EhrhSEx6YSY70SC16ufif1091dOllNE5STWI8/yhKGdQC5rXAkEqCNZsYgrCkZleIR0girE15FVOCu3jyMumc1V2n7t6eV5tXRR1lcASOQQ244AI0wQ1ogTbA4BE8g1fwZj1ZL9a79TEfLVlF5hD8gfX5A48OmZQ=</latexit>

































�Solution for general      

✏j = (1 + �N + 2�N/2 cos(kj))
1/N

✏j = (1 + �N + 2�N/2 cos(kj))
1/N = (1 + �N/2)(1 + ✓2 sin2(k/2)1/N

✓ =
4�N/2

(1 + �N/2)2

sin[(L+ 1)kj ] = ��N/2 sin(Lkj) (j = 1, ..., L)

H(�) = �
LX

j=1

Xj � �

L�1X

j=1

Z
+
j Zj+1

<latexit sha1_base64="9mlNS9xLwggst/NRLFk2Wuz3XXs="></latexit><latexit sha1_base64="9mlNS9xLwggst/NRLFk2Wuz3XXs="></latexit><latexit sha1_base64="9mlNS9xLwggst/NRLFk2Wuz3XXs="></latexit><latexit sha1_base64="9mlNS9xLwggst/NRLFk2Wuz3XXs="></latexit>



sin[(L+ 1)kj ]

sin(LKj)
= ��N/2(j = 1, ..., L)

for � = 1

kj =
2⇡

2L+ 1
j, j = 1, . . . , L



For � 6= 1 two cases:

a) For �  (1 + 1/L)2/N

L real roots in (0,⇡)



b) For � > (1 + 1/L)2/N

L� 1 real roots in (0,⇡)

one real root missing











How to calculate ⌫k ?

C(�, L) shows a peak at �c(L), (�c(1) = 1)

Solving numerically for all the roots, we obtain:

0.8 1 1.2 1.4 1.6
λ

0.5

1

1.5

C
(λ
,L
)

L=20
L=40
L=100
L=200

N=2

free-paraf-5.fig 19/11/2016

0.8 1 1.2 1.4 1.6
λ

1

2

3

4

5

C
(λ

,L
)

L=20
L=40
L=100
L=200

N=3  

free-paraf-6.fig 19/11/2016

�c(L)� �c(1) ⇠ L�⌫k

�c(L)
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�c(L)
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�c(L)

�c(L)� �c(1) ⇠ L�⌫k







Ha(�) = Hopen + aZ
+
LZ1

<latexit sha1_base64="5P4rHWHV2NsBCDNetZ7EQ8SIHZM=">AAACGnicbVDLSgMxFM34rPVVdekmWARFKDMi6EYouunCRQWrpZ063ElvNTSTGZKMUIZ+hxt/xY0LRdyJG//GtJ2FrwOBwzn3JDcnTATXxnU/nanpmdm5+cJCcXFpeWW1tLZ+qeNUMWywWMSqGYJGwSU2DDcCm4lCiEKBV2H/dORf3aHSPJYXZpBgJ4IbyXucgbFSUPL88R1ZKFIc1gLY8YUNd2GXHtNakMUJyiHdo0Bb13vBGW0FXlAquxV3DPqXeDkpkxz1oPTud2OWRigNE6B123MT08lAGc4EDot+qjEB1ocbbFsqIULdycZrDem2Vbq0Fyt7pKFj9Xsig0jrQRTayQjMrf7tjcT/vHZqekedjMskNSjZ5KFeKqiJ6agn2uUKmREDS4Apbnel7BYUMGPbLNoSvN9f/ksu9yueW/HOD8rVk7yOAtkkW2SHeOSQVEmN1EmDMHJPHskzeXEenCfn1XmbjE45eWaD/IDz8QVWZJ8Y</latexit><latexit sha1_base64="5P4rHWHV2NsBCDNetZ7EQ8SIHZM=">AAACGnicbVDLSgMxFM34rPVVdekmWARFKDMi6EYouunCRQWrpZ063ElvNTSTGZKMUIZ+hxt/xY0LRdyJG//GtJ2FrwOBwzn3JDcnTATXxnU/nanpmdm5+cJCcXFpeWW1tLZ+qeNUMWywWMSqGYJGwSU2DDcCm4lCiEKBV2H/dORf3aHSPJYXZpBgJ4IbyXucgbFSUPL88R1ZKFIc1gLY8YUNd2GXHtNakMUJyiHdo0Bb13vBGW0FXlAquxV3DPqXeDkpkxz1oPTud2OWRigNE6B123MT08lAGc4EDot+qjEB1ocbbFsqIULdycZrDem2Vbq0Fyt7pKFj9Xsig0jrQRTayQjMrf7tjcT/vHZqekedjMskNSjZ5KFeKqiJ6agn2uUKmREDS4Apbnel7BYUMGPbLNoSvN9f/ksu9yueW/HOD8rVk7yOAtkkW2SHeOSQVEmN1EmDMHJPHskzeXEenCfn1XmbjE45eWaD/IDz8QVWZJ8Y</latexit><latexit sha1_base64="5P4rHWHV2NsBCDNetZ7EQ8SIHZM=">AAACGnicbVDLSgMxFM34rPVVdekmWARFKDMi6EYouunCRQWrpZ063ElvNTSTGZKMUIZ+hxt/xY0LRdyJG//GtJ2FrwOBwzn3JDcnTATXxnU/nanpmdm5+cJCcXFpeWW1tLZ+qeNUMWywWMSqGYJGwSU2DDcCm4lCiEKBV2H/dORf3aHSPJYXZpBgJ4IbyXucgbFSUPL88R1ZKFIc1gLY8YUNd2GXHtNakMUJyiHdo0Bb13vBGW0FXlAquxV3DPqXeDkpkxz1oPTud2OWRigNE6B123MT08lAGc4EDot+qjEB1ocbbFsqIULdycZrDem2Vbq0Fyt7pKFj9Xsig0jrQRTayQjMrf7tjcT/vHZqekedjMskNSjZ5KFeKqiJ6agn2uUKmREDS4Apbnel7BYUMGPbLNoSvN9f/ksu9yueW/HOD8rVk7yOAtkkW2SHeOSQVEmN1EmDMHJPHskzeXEenCfn1XmbjE45eWaD/IDz8QVWZJ8Y</latexit><latexit sha1_base64="5P4rHWHV2NsBCDNetZ7EQ8SIHZM=">AAACGnicbVDLSgMxFM34rPVVdekmWARFKDMi6EYouunCRQWrpZ063ElvNTSTGZKMUIZ+hxt/xY0LRdyJG//GtJ2FrwOBwzn3JDcnTATXxnU/nanpmdm5+cJCcXFpeWW1tLZ+qeNUMWywWMSqGYJGwSU2DDcCm4lCiEKBV2H/dORf3aHSPJYXZpBgJ4IbyXucgbFSUPL88R1ZKFIc1gLY8YUNd2GXHtNakMUJyiHdo0Bb13vBGW0FXlAquxV3DPqXeDkpkxz1oPTud2OWRigNE6B123MT08lAGc4EDot+qjEB1ocbbFsqIULdycZrDem2Vbq0Fyt7pKFj9Xsig0jrQRTayQjMrf7tjcT/vHZqekedjMskNSjZ5KFeKqiJ6agn2uUKmREDS4Apbnel7BYUMGPbLNoSvN9f/ksu9yueW/HOD8rVk7yOAtkkW2SHeOSQVEmN1EmDMHJPHskzeXEenCfn1XmbjE45eWaD/IDz8QVWZJ8Y</latexit>

The periodic chain

a = 0 (open) , a = 1 (periodic)
<latexit sha1_base64="vQbgo1EtVftqp8jDddBzQkYn/Qs="></latexit><latexit sha1_base64="vQbgo1EtVftqp8jDddBzQkYn/Qs="></latexit><latexit sha1_base64="vQbgo1EtVftqp8jDddBzQkYn/Qs="></latexit><latexit sha1_base64="vQbgo1EtVftqp8jDddBzQkYn/Qs="></latexit>



The energy decreases extensively by 
the simple addition of a link

E
periodic
0 = E

open
0 �O(L) !!!

<latexit sha1_base64="ObO0R0/lL9SO4atJSu8lqAlvM/A="></latexit><latexit sha1_base64="ObO0R0/lL9SO4atJSu8lqAlvM/A="></latexit><latexit sha1_base64="ObO0R0/lL9SO4atJSu8lqAlvM/A="></latexit><latexit sha1_base64="ObO0R0/lL9SO4atJSu8lqAlvM/A="></latexit>

SURPRISE !!!!

UNEXPECTED!!!!



Ha(�) = Hopen + aZ
+
LZ1

<latexit sha1_base64="5P4rHWHV2NsBCDNetZ7EQ8SIHZM=">AAACGnicbVDLSgMxFM34rPVVdekmWARFKDMi6EYouunCRQWrpZ063ElvNTSTGZKMUIZ+hxt/xY0LRdyJG//GtJ2FrwOBwzn3JDcnTATXxnU/nanpmdm5+cJCcXFpeWW1tLZ+qeNUMWywWMSqGYJGwSU2DDcCm4lCiEKBV2H/dORf3aHSPJYXZpBgJ4IbyXucgbFSUPL88R1ZKFIc1gLY8YUNd2GXHtNakMUJyiHdo0Bb13vBGW0FXlAquxV3DPqXeDkpkxz1oPTud2OWRigNE6B123MT08lAGc4EDot+qjEB1ocbbFsqIULdycZrDem2Vbq0Fyt7pKFj9Xsig0jrQRTayQjMrf7tjcT/vHZqekedjMskNSjZ5KFeKqiJ6agn2uUKmREDS4Apbnel7BYUMGPbLNoSvN9f/ksu9yueW/HOD8rVk7yOAtkkW2SHeOSQVEmN1EmDMHJPHskzeXEenCfn1XmbjE45eWaD/IDz8QVWZJ8Y</latexit><latexit sha1_base64="5P4rHWHV2NsBCDNetZ7EQ8SIHZM=">AAACGnicbVDLSgMxFM34rPVVdekmWARFKDMi6EYouunCRQWrpZ063ElvNTSTGZKMUIZ+hxt/xY0LRdyJG//GtJ2FrwOBwzn3JDcnTATXxnU/nanpmdm5+cJCcXFpeWW1tLZ+qeNUMWywWMSqGYJGwSU2DDcCm4lCiEKBV2H/dORf3aHSPJYXZpBgJ4IbyXucgbFSUPL88R1ZKFIc1gLY8YUNd2GXHtNakMUJyiHdo0Bb13vBGW0FXlAquxV3DPqXeDkpkxz1oPTud2OWRigNE6B123MT08lAGc4EDot+qjEB1ocbbFsqIULdycZrDem2Vbq0Fyt7pKFj9Xsig0jrQRTayQjMrf7tjcT/vHZqekedjMskNSjZ5KFeKqiJ6agn2uUKmREDS4Apbnel7BYUMGPbLNoSvN9f/ksu9yueW/HOD8rVk7yOAtkkW2SHeOSQVEmN1EmDMHJPHskzeXEenCfn1XmbjE45eWaD/IDz8QVWZJ8Y</latexit><latexit sha1_base64="5P4rHWHV2NsBCDNetZ7EQ8SIHZM=">AAACGnicbVDLSgMxFM34rPVVdekmWARFKDMi6EYouunCRQWrpZ063ElvNTSTGZKMUIZ+hxt/xY0LRdyJG//GtJ2FrwOBwzn3JDcnTATXxnU/nanpmdm5+cJCcXFpeWW1tLZ+qeNUMWywWMSqGYJGwSU2DDcCm4lCiEKBV2H/dORf3aHSPJYXZpBgJ4IbyXucgbFSUPL88R1ZKFIc1gLY8YUNd2GXHtNakMUJyiHdo0Bb13vBGW0FXlAquxV3DPqXeDkpkxz1oPTud2OWRigNE6B123MT08lAGc4EDot+qjEB1ocbbFsqIULdycZrDem2Vbq0Fyt7pKFj9Xsig0jrQRTayQjMrf7tjcT/vHZqekedjMskNSjZ5KFeKqiJ6agn2uUKmREDS4Apbnel7BYUMGPbLNoSvN9f/ksu9yueW/HOD8rVk7yOAtkkW2SHeOSQVEmN1EmDMHJPHskzeXEenCfn1XmbjE45eWaD/IDz8QVWZJ8Y</latexit><latexit sha1_base64="5P4rHWHV2NsBCDNetZ7EQ8SIHZM=">AAACGnicbVDLSgMxFM34rPVVdekmWARFKDMi6EYouunCRQWrpZ063ElvNTSTGZKMUIZ+hxt/xY0LRdyJG//GtJ2FrwOBwzn3JDcnTATXxnU/nanpmdm5+cJCcXFpeWW1tLZ+qeNUMWywWMSqGYJGwSU2DDcCm4lCiEKBV2H/dORf3aHSPJYXZpBgJ4IbyXucgbFSUPL88R1ZKFIc1gLY8YUNd2GXHtNakMUJyiHdo0Bb13vBGW0FXlAquxV3DPqXeDkpkxz1oPTud2OWRigNE6B123MT08lAGc4EDot+qjEB1ocbbFsqIULdycZrDem2Vbq0Fyt7pKFj9Xsig0jrQRTayQjMrf7tjcT/vHZqekedjMskNSjZ5KFeKqiJ6agn2uUKmREDS4Apbnel7BYUMGPbLNoSvN9f/ksu9yueW/HOD8rVk7yOAtkkW2SHeOSQVEmN1EmDMHJPHskzeXEenCfn1XmbjE45eWaD/IDz8QVWZJ8Y</latexit>

Only the free boundary is special  !!!

Z(6)Z(6)



E0(L)

L
= e1 +

f1
L

+
b

L�
+ o(1/L�)

<latexit sha1_base64="LJ2+RenOqna3iXbaKdr5idBGaj0="></latexit><latexit sha1_base64="LJ2+RenOqna3iXbaKdr5idBGaj0="></latexit><latexit sha1_base64="LJ2+RenOqna3iXbaKdr5idBGaj0="></latexit><latexit sha1_base64="LJ2+RenOqna3iXbaKdr5idBGaj0="></latexit>

E0(L)

L
= e1 +

b

L�
+ o(1/L�)

<latexit sha1_base64="n3e4AWMST4bjKz2AAJrJuHGkk3Q="></latexit><latexit sha1_base64="n3e4AWMST4bjKz2AAJrJuHGkk3Q="></latexit><latexit sha1_base64="n3e4AWMST4bjKz2AAJrJuHGkk3Q="></latexit><latexit sha1_base64="n3e4AWMST4bjKz2AAJrJuHGkk3Q="></latexit>

periodic

free boundaries � = 1 + 2/N
<latexit sha1_base64="HJZ6YLBmiFWRoUQn5yYJJvD0HTk="></latexit><latexit sha1_base64="HJZ6YLBmiFWRoUQn5yYJJvD0HTk="></latexit><latexit sha1_base64="HJZ6YLBmiFWRoUQn5yYJJvD0HTk="></latexit><latexit sha1_base64="HJZ6YLBmiFWRoUQn5yYJJvD0HTk="></latexit>



Gap 

N ! 1 ⌫ = 1 ???
<latexit sha1_base64="enNzNLcBpZo0e44meRPUremCFRs="></latexit><latexit sha1_base64="enNzNLcBpZo0e44meRPUremCFRs="></latexit><latexit sha1_base64="enNzNLcBpZo0e44meRPUremCFRs="></latexit><latexit sha1_base64="enNzNLcBpZo0e44meRPUremCFRs="></latexit>

N ! 1 ⌫ = 0
<latexit sha1_base64="lclXqfjFmyZ9ZD1RImP2dmOTNUk="></latexit><latexit sha1_base64="lclXqfjFmyZ9ZD1RImP2dmOTNUk="></latexit><latexit sha1_base64="lclXqfjFmyZ9ZD1RImP2dmOTNUk="></latexit><latexit sha1_base64="lclXqfjFmyZ9ZD1RImP2dmOTNUk="></latexit>



periodic ↵ = 0
<latexit sha1_base64="PH2yy0uMLgR+GhE7yTgio8pBl+4="></latexit><latexit sha1_base64="PH2yy0uMLgR+GhE7yTgio8pBl+4="></latexit><latexit sha1_base64="PH2yy0uMLgR+GhE7yTgio8pBl+4="></latexit><latexit sha1_base64="PH2yy0uMLgR+GhE7yTgio8pBl+4="></latexit> free ↵ = 1� 2/N

<latexit sha1_base64="7IJLob0FH4DbE5CqZ//xJpgM8No="></latexit><latexit sha1_base64="7IJLob0FH4DbE5CqZ//xJpgM8No="></latexit><latexit sha1_base64="7IJLob0FH4DbE5CqZ//xJpgM8No="></latexit><latexit sha1_base64="7IJLob0FH4DbE5CqZ//xJpgM8No="></latexit>

Specific heat





# this is the first example where the  
“bulk” ground-state energy of a Hamiltonian 

depends on the boundary

In 2d vertex model there are examples: 6 vertex with domain boundary conditions   V.  Korepin and P.  
Zinn-Justin, J. Phys.A 33,7053(2000), J. Lyberg, V. Korepin, G.A.P. Ribeiro,J. Viti, J.Phys.A 59,053301(2018)

Topological effects???



OBRIGADO

THANK  YOU


